On the Malle-Navarro Conjecture for 2- and 3-blocks of general linear
  and unitary groups by Brenner, Sofia
ar
X
iv
:1
91
2.
09
71
4v
1 
 [m
ath
.R
T]
  2
0 D
ec
 20
19
On the Malle-Navarro Conjecture for 2- and 3-blocks of
general linear and unitary groups
Sofia Brenner
Abstract
The Malle-Navarro conjecture relates central block theoretic invariants in two inequalities.
In this paper, we prove the conjecture for the 2-blocks and the unipotent 3-blocks of the
general linear and unitary groups in non-defining characteristic. Moreover, we show that the
conjecture holds for the unipotent 3-blocks of quotients of central subgroups of the special
linear and unitary groups.
LetG be a finite group and consider a blockB of the group algebra FG over a field F of characteristic
ℓ > 0. Let k(B) denote the number of irreducible (ordinary) characters in B and l(B) its number
of irreducible Brauer characters. Let D be a defect group of B and k(D) the number of conjugacy
classes of D and similarly for its derived subgroup D′. Finally, k0(B) denotes the number of
characters of height zero in B. In [12], it is conjectured that the following two inequalities hold:
k(B) ≤ k0(B) · k(D′) (C1)
and
k(B) ≤ l(B) · k(D). (C2)
The conjecture was proven in [11] for the ℓ-blocks of finite quasi-simple groups where ℓ ≥ 5 is
a prime as well as for covering groups of alternating, sporadic and simple groups of Lie type in
defining characteristic. Here, we examine the conjecture for general linear and unitary groups for
ℓ ∈ {2, 3} in non-defining characteristic. Moreover, we treat the special linear and unitary groups
in case ℓ = 3. Our main result is:
Theorem. Let q = pf for some prime p and f ≥ 1.
1. Assume that p is odd. Then (C1) and (C2) hold for the 2-blocks of the general linear groups
GLn(q) and the general unitary groups GUn(q).
2. Let p 6= 3. Then (C1) and (C2) hold for the unipotent 3-blocks of GLn(q) or GUn(q). More-
over, both inequalitites hold for groups of the form G/Z where G denotes either the special
linear group SLn(q) or the special unitary group SUn(q) and Z ≤ Z(G).
Since the proof for the classical groups of [11] also includes the case ℓ = 3, it only remains to
consider the 3-blocks of the exceptional groups as well as the non-unipotent blocks to prove the
conjecture for all finite quasi-simple groups of Lie type in this case.
This paper is organized as follows: In the first chapter, we present some reduction theorems as
well as combinatorial formulas for the block theoretic invariants given above. In the subsequent
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chapter, we prove the conjecture for the general linear and unitary groups first for the case ℓ = 3
and a particular case for ℓ = 2, since they behave similarly, before treating the second case for ℓ = 2
separately. In the last chapter, we consider the special linear and unitary groups for ℓ = 3.
1 Preliminaries and Reductions
In this chapter, we introduce some first reductions as well as the notation, which will be similar
to that in [11]. Throughout, let ℓ ∈ {2, 3} and q = pf for a prime p 6= ℓ and some f ≥ 1. As
customary, we write GLn(−q) for the general unitary group GUn(q) (and similarly for the special
linear group). For ε ∈ {±1}, let d be the order of εq modulo ℓ (so for ℓ = 2, we simply have d = 1)
and ℓa be the exact power of ℓ dividing (εq)d − 1.
Remark 1.1. Let B be a 2-block of G = GLn(εq), where ε ∈ {±1}. The block theoretic invariants
of B are the same as for the principal block B′ of CG(s), where s is the semisimple 2
′-element of G
corresponding to B by [2, Prop. 3.4] (see [7, Cor. 6.4] for the Brauer characters). By [5, Chapter
1], this is in turn a product of general linear and unitary groups. Since all occurring invariants are
multiplicative, it suffices to consider the principal block of GLn(εq) for the purpose of proving our
main theorem. For ℓ = 3 and B a unipotent block of FG, there exists a weight w > 0 such that
the block theoretic invariants of B are the same as those of the principal block B′ of GLwd(ε
′q) for
some ε′ ∈ {±1} (cf. [13, Thm 1.9]).
In the following, we therefore may assume that B is the principal ℓ-block of G = GLwd(εq), where
q is not divisible by ℓ, ε ∈ {±1} and w ≥ 1.
Let s ∈ Z>0 and t ∈ Z≥0. By π(t), we denote the number of partitions of t and write |λ| = t
if λ is a partition of t. By k(s, t), we denote the number of s-multipartitions of t, that is, the
number of tuples (µ, . . . , µs) of partitions µ1, . . . , µs such that |µ1|+ . . .+ |µs| = t. Furthermore, we
define an ℓ-decomposition of t to be a tuple (t0, . . . , tk) of nonnegative integers t0, . . . , tk such that∑k
i=0 tiℓ
i = t and tk 6= 0. The set of ℓ-decompositions of t will be denoted by Wt and its cardinality
by pℓ(t). Furthermore, an ordered tuple (t1, . . . , ts) of nonnegative integers with t1 + . . .+ ts = t is
called an s-split of t (write λ  t).
For any natural number n and a prime number r, denote by nr the largest power of r dividing n.
Let w =
∑v
i=0 aiℓ
i be the ℓ-adic decomposition of w. We recall the values of some invariants:
Lemma 1.2. Let 2a˜ = (q + ε)2. For the principal 2-block B of GLw(εq), it holds that
k(B) =
∑
w∈Ww
k(2a, w0) k(2
a+a˜−1 − 2a−1, w1) ·
∏
i≥2
k(2a+a˜−2, wi). (1)
Let b = d+ 3
a−1
d and b1 = 2 · 3
a−1
d . For the principal 3-block B of GLwd(q), it holds that
k(B) =
∑
w∈Ww
k(b, w0) ·
∏
i≥1
k(b1, wi) =: k(3, a, d, w). (2)
Proof. Cf. [8, Prop. 2.39 and Lemma 2.44] for ℓ = 2 and [15, Prop. 6] for ℓ = 3.
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Observe that the formulas for ℓ = 2, εq ≡ 1mod4 and ℓ = 3 are similar, so we treat these cases in
parallel. Moreover, we write kw(B) if we want to clarify which value of w is currently examined.
Lemma 1.3. The number of characters of height zero in the principal ℓ-block B is given by k0(B) =
2
∑v
i=0 ai(i+1) for ℓ = 2 and by k0(B) =
∏
i≥0 k(b · 3i, ai) for ℓ = 3.
Proof. Cf. [8, Thm. 2.60] for ℓ = 2 and [13, Prop. 2.13] for ℓ = 3.
In the following, denote by SD2a˜+2 = 〈x, y | x2 = y2
a˜+1
= 1, xyx = y2
a˜−1〉 the semidihedral group
of order 2a˜+2. The defect groups D of the principal ℓ-block are Sylow ℓ-subgroups of G whose
structure can be described as follows:
Lemma 1.4. 1. Let ℓ = 2 and εq ≡ 1mod4, or ℓ = 3. Then D ∼= ∏vi=0Daii,ℓa , where Di,ℓa =
Cℓa ≀ Cℓ ≀ . . . ≀ Cℓ is the iterated wreath product of the cyclic group Cℓa with i factors of the
cyclic group Cℓ.
2. If ℓ = 2 and εq ≡ 3mod4, then D ∼= ∏aii=0 P ai2i , where P1 = C2 and for i ≥ 1, we have
P2i = SD2a˜+2 ≀C2 ≀ . . . ≀ C2 with i− 1 factors of the cyclic group C2.
Proof. See [8, p.18] for ℓ = 2 and [11, Prop. 5.11] for ℓ = 3.
2 General Linear and Unitary Groups
In this chapter, we prove the inequalities (C1) and (C2) for the general linear and unitary groups
GLn(εq), using the notation from the previous chapter. We first assume ℓ = 3 or εq ≡ 1mod4
if ℓ = 2, that is, a ≥ 2 and a˜ = 1. We begin by deriving bounds for the occurring numbers of
multipartitions.
Lemma 2.1. 1. For all s ≥ 3 and t ≥ 1, it holds that k(s, t) ≤ st.
2. For all s ≥ 3 and t1, t2 ≥ 1, it holds that k(s, t1 + t2) ≤ k(s, t1) · k(s, t2). Moreover, for t ≥ 2,
it holds that k(2, t+ 1) ≤ 2 · k(s, t).
Proof. Cf. [11, Lemma 5.5] and [8, Lemma 2.48] for the second part of (ii).
Lemma 2.2. For s ≥ 1, it holds that k(s, 1) = s, k(s, 2) = 12s2 + 32s and k(s, 3) = 16s3 + 32s2 + 43s.
Proof. By [15, Lemma 1] it holds for all t ≥ 0 that k(s, t) =∑(k1,...,ks)t π(k1) · · ·π(ks), so counting
the different s-splits of t ∈ {1, 2, 3} and using π(t) = t in this case yields the claim.
Lemma 2.3. Let w ≥ 0.
1. It holds that k(2, w) ≤ 2w+0.35.
2. For a ≥ 3, it holds that k(2a, w) ≤ 2(a− 43 )w+3. For a ≥ 5, we have k(2a, w) ≤ 2(a− 43 )w+2.
3. For a ≥ 2, it holds that k(b, w) ≤ 3(a− 56 )w+2−log3(d), where b is defined as in Lemma 1.2. For
a ≥ 3 and w ≥ 9, one can omit the summand 2 in the exponent.
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Proof. Using Lemma 2.1, the first claim follows k(2, 2) = 5 ≤ 22.35 by induction. Now consider the
second inequality. For c ≥ 3 and x ≥ 1, it holds that
k(cx, w) =
∑
(i1,...,ix)w
k(c, i1) · · · k(c, ix) ≤
∑
(i1,...,ix)w
cw =
(
x+ w − 1
w
)
cw (3)
(cf. [11, Lemma 5.6]). We apply this estimate with x = 4. To this end, we claim that for all w ≥ 0,
it holds that (
w + 3
w
)
≤ 2 23w+3.
For w ≤ 5, this can be checked directly. For w ≥ 5, we obtain by induction(
(w + 1) + 3
w + 1
)
=
w + 4
w + 1
·
(
w + 3
w
)
≤ 2 23 (w+1)+3
since w+4w+1 = 1 +
3
w+1 ≤ 22/3 for w ≥ 5. Equation (3) then yields for a ≥ 4
k(2a, w) ≤
(
w + 3
w
)
· 2(a−2)w ≤ 2(a−2)w+23w+3 = 2(a− 43 )w+3.
For a = 3, we check the claim directly for w ≤ 9 using GAP [6]. For w ≥ 10, we can use the above
proof to show that even
(
w+3
w
) ≤ 22/3w+1.6, so with the first part of the lemma we obtain
k(8, w) =
∑
(i1,...,i4)w
k(2, i1) · · · k(2, i4) ≤
∑
(i1,...,i4)w
2i1+0.35+...+i4+0.35 =
(
w + 3
w
)
·2w+1.4 ≤ 2 53w+3.
For the stronger bound for k(2a, w), we use x = 8 instead of x = 4. The last part of the lemma can
be proven in the same fashion by using x = 3 and b = 3a for d = 1 and b = (3a + 3)/2 ≤ 2 · 3a−1
for d = 2.
Lemma 2.4. For w ≥ 1, it holds that k(3, w) ≤ 3w2 + 94 and k(4, w) ≤ 21.2w+2.
Proof. Using π(n) ≤ ec
√
n
n3/4
with c = π
√
2/3 (cf. [4, p.114]), we obtain π(n) ≤ 1.4n+1.2 for n ≥ 38.
We can check directly that this bound in fact holds for all n ≥ 1. With this, we have
k(3, w) =
∑
(i1,i2,i3)w
π(i1)π(i2)π(i3) ≤
(
w + 2
w
)
· 1.4w+3.6.
The last term can be bounded by 3
w
2 +
9
4 for w ≥ 20. The remaining cases are checked in GAP.
By Lemma 2.3, we have
k(4, w) =
∑
i1+i2=w
k(2, i1)k(2, i2) ≤
∑
i1+i2=w
2i1+0.35 · 2i2+0.35 = (w + 1) · 2w+0.7.
With w + 1 ≤ 20.2w+1.3 for w ≥ 13, we obtain the desired bound. The remaining cases can be
checked in GAP.
Lemma 2.5. 1. It holds that p3(w) ≤ 3w/6 for all w 6= 3.
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2. For w ≥ 0, it holds that p2(w) ≤ 2w3 +1.
Proof. By [10, Lemma 5.2], it holds that pℓ(w) ≤ wℓ · pℓ(⌊w/ℓ⌋) for ℓ ≥ 2 and w ≥ 1. Checking the
claim directly for w ≤ 12, we can use induction and w/3 ≤ 3w/9 for w ≥ 8 to show by induction
that pℓ(w) ≤ wℓ · pℓ(⌊w/ℓ⌋) ≤ 3w/9 · 3w/18 = 3w/6. The second statement can be proved in the same
fashion.
Lemma 2.6. 1. For ℓ = 2 and a ≥ 4, it holds that k(B) ≤ 2(a−1)w+3/2. For a ≥ 3, there is the
weaker bound k(B) ≤ 2(a−1)w+3.
2. For a ≥ 2 and any 3-decomposition (w0, . . . , wv) of w, we have
k(b, w0) ·
∏
i≥1
k(b1, wi) ≤ 3(a− 56 )w+2−log3(d),
which yields k(B) ≤ p3(w) · 3(a−
5
6 )w+2−log3(d).
Proof. We first prove the second part. By Lemma and 2.1 and 2.3, it holds that
k(b, w0) ·
∏
i≥1
k(b1, wi) ≤ 3(a− 56 )w0+2−log3(d) ·
∏
i≥1
3awi ≤ 3(a− 56 )w0+2−log3(d) · 3aw−w03
= 3a
w
3 +(
2
3a−
5
6 )w0+2−log3(d) ≤ 3(a− 56 )w+2−log3(d).
Now consider the first bound for ℓ = 2. Let w ≥ 2 and a ≥ 5. We use the stronger bound from
Lemma 2.3. There is a single binary decomposition of w with w0 = w and at most two with
w0 = w − 2. For all others, it holds that w0 ≤ w − 4, since w0 and w must have the same parity.
Analogously to the above, we have
k(B) =
∑
w∈Ww
k(2a, w0)
∏
i≥1
k(2a−1, wi) ≤
∑
w∈Ww
2(a−
4
3 )w0+2+(a−1)
w−w0
2
≤ p2(w) · 2( a2− 56 )(w−4)+2+
a−1
2 w + 2 · 2(a2− 56 )(w−2)+2+a−12 w + 2( a2− 56 )w+2+ a−12 w
≤ 2(a−1)w+ 32 ·
(
2
29
6 −2a + 2−
w
3 +
19
6 −a + 2−
w
3 +
1
2
)
≤ 2(a−1)w+ 32 .
Here, we inserted the estimate p2(w) ≤ 2w3 +1 (cf. Lemma 2.5) in the second step. In the third one,
we used that the term in brackets is smaller than one for a ≥ 6 and w ≥ 2 as well as for a = 5 and
w ≥ 3. The finitely many remaining cases can be checked directly. For a ∈ {3, 4}, we use the same
approach, albeit with the weaker bound of Lemma 2.3, to prove the claim. For w = 1, we have
k(B) = k(2a, 1) = 2a, so the inequality holds.
We now treat the case of small values of a.
Lemma 2.7. Let w ≥ 1. For ℓ = 2 and a = 2, we have kw(B) ≤ 21.4w+1.65 and for ℓ = 3 and
a = 1, it holds that kw(B) ≤ 3w+72 .
Proof. We prove the claim by induction on w. Note that for any ℓ-decomposition (w0, w1, . . . , wv)
of w, w˜ = (w1, . . . , wv) is an ℓ-decomposition of (w−w0)/ℓ and each of them arises in this way. So
there is a bijection between Ww and
⋃(w−a0)/ℓ
j=0 Wr(j), where r(j) = (w− (a0 + ℓj))/ℓ (note that w0
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and w have the same remainder modulo ℓ). Summing over all possible values of w0, we therefore
obtain (setting k0(B) := 1)
kw(B) =
∑
w∈Ww
k(ℓa, w0) ·
∏
i≥1
k(ℓa−1, wi) =
w−a0
ℓ∑
j=0
∑
w˜∈Wr(j)
k(ℓa, ℓj + a0) ·
∏
i≥1
k(ℓa−1, wi)
≤ k(ℓa, w) +
w−a0
ℓ −1∑
j=0
k(ℓa, ℓj + a0)
∑
w˜∈Wr(j)
k(ℓa, w1) ·
∏
i≥2
k(ℓa−1, wi)
=
(w−a0)/ℓ∑
j=0
k(ℓa, ℓj + a0) · kr(j)(B).
By induction, using the geometric series as well as the bound from Lemma 2.4, we obtain for ℓ = 2
k(B) ≤
(w−a0)/2∑
j=0
21.2(2j+a0)+2 · 21.4w−(2j+a0)2 +1.65 ≤ 23.65+0.7w+0.5a0 ·
(
2
w−a0
2 +1 − 1
)
≤ 21.2w+4.65 ≤ 21.4w+1.65,
where the last inequality holds for w ≥ 15. For ℓ = 3, assume that ki(B) ≤ 3i for i ≤ w−a03 . With
the above and the bound from Lemma 2.4, we have
k(B) ≤
(w−a0)/3∑
j=0
3
3j+a0
2 +
9
4 · 3w−(3j+a0)3 ≤ 3 94+ a06 +w3 · 3
1
2 (
w−a0
3 +1) − 1√
3− 1 ≤ 3
w+7
2 ≤ 3w,
where the last inequality holds for w ≥ 7. Checking directly that kw(B) ≤ 3w ≤ 3w+72 for w ≤ 6, this
shows inductively that kw(B) ≤ min{3w+72 , 3w}. The remaining cases can be checked directly.
We have now assembled the prerequisites to prove the inequalities (C1) and (C2) for the general
linear and unitary groups. To this end, note that by the same argument as in the proof of [11, Prop.
5.11], we may assume in the following that w is divisible by ℓ. For the number of characters in D′
and D, it holds by [11, Lemma 5.10]
k(D′) =
∏
i≥1
k(D′i,ℓa)
ai ≥
∏
i≥1
ℓa(ℓ
i−1)− ℓ
i−ℓ
ℓ−1 −i+1 = ℓ(a−
1
ℓ−1 )w−
∑
ai(a+i− 2ℓ−1ℓ−1 ), (4)
and
k(D) =
∏
i≥1
k(Di,ℓa)
ai ≥
∏
i≥1
(
ℓaℓ
i
ℓ(ℓi−1)/(ℓ−1)
)ai
= ℓ(a−
1
ℓ−1 )w+
1
ℓ−1
∑
i≥1 ai . (5)
For small values of a, we need to improve this bound:
Lemma 2.8. For i ≥ 1, it holds that
k(Di,3) ≥ 33
i−1
2 · 3 3
i+1
2
and
k(D′i,3) ≥ 33
i−1
2 · 3 3
i+1
2 −i.
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Proof. The proof can be carried out analogously to [11, Lemma 5.10] by using k(D1,3) = 17 as an
improved induction start for the first part.
Theorem 2.9. (C1) and (C2) hold for the principal 3-block of GLwd(εq).
Proof. First consider GLwd(q). As in [11, Prop. 5.11], the number of characters of height zero in
B can be bounded from below by
k0(B) =
∏
i≥1
k(bℓi, ai) ≥
∏
i≥1
(
b
3a
)ai
· 3
∑
i≥1 ai(a+i−1) ≥ 3
∑
i≥1 ai(a+i−1−log3(d)).
Moreover, it holds that l(B) ≥ k(d, w) ≥ pℓ(w) (cf. [11, Prop. 5.11]). First assume a ≥ 2. For
w ≥ 6, Lemma 2.6 yields
k(B) ≤ p3(w) · 3(a− 56 )w+2−log3(d) ≤ 3(a−
1
2 )w+(
3
2−log3(d))
∑
i≥1 ai ≤ k0(B) · k(D′)
and
k(B) ≤ p3(w) · 3(a− 56 )w+2−log3(d) ≤ π(w) · 3(a− 12 )w+ 12
∑
ai ≤ l(B) · k(D),
since −w3 + 2 − log3(d) ≤ 12 ≤ min{
(
3
2 − log3(d)
)
, 12} ·
∑
ai for w ≥ 6. For w = 3, the above
inequalities remain valid when inserting p3(3) = 2. For a = 1, we use the improved bounds from
Lemma 2.11
k(D′) =
∏
i≥1
k(D′i)
ai ≥
∏
i≥1
(
33
i−1
2 3
3i+1
2 −i
)ai
= 3
2
3w+
∑
i≥1 ai( 12−i), (6)
and
k(D) =
∏
i≥1
k(Di)
ai ≥
∏
i≥1
(
33
i−1
2 3
3i+1
2
)ai
= 3
2
3
w+ 1
2
∑
i≥1 ai . (7)
Moreover, note that b = 3 = 3a for both d = 1 and d = 2 in this case. With
k(3i+1, ai) =
{
3i+1 if ai = 1
32i+2
2 +
3i+2
2 ≥ 32i+1 if ai = 2,
we obtain
k0(B) =
∏
i≥1
k(3i+1, ai) ≥ 3
∑
i≥1 aii+
∑
i:ai 6=0 1. (8)
For w /∈ {3, 6, 9}, we have
k(B) ≤ 3w+72 ≤ 3
∑
i≥1 aii+
∑
ai 6=0 1 · 3 23w+
∑
i≥1( 12−i)ai ≤ k0(B) · k(D′).
For w ≥ 6, we furthermore obtain
k(B) ≤ 3w+72 ≤ π(w) · 3 23w+ 12
∑
ai ≤ l(B) · k(D),
since then π(w) ≥ π(6) = 11. In the remaining cases, we check the inequalities directly: For w = 3,
we have k3(B) = 24 < 33 and k(D′) ≥ 3 32 as well as k0(B) = 32. Moreover, l(B) ≥ π(3) = 3
and k(D) ≥ 35/2, so also (C2) holds. For w = 6, it holds that k6(B) = 270 < 36, k(D′) ≥ 33
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and k0(B) = 54 > 3
3. Finally, in case w = 9, we obtain k9(B) = 2043 < 37, k(D′) ≥ 3 92 and
k0(B) = 3
3. This finishes the proof for GLwd(q).
Denoting the order of −q modulo 3 by d, the block theoretic invariants of GUwd(q) are the same
as of GLwd(q0), where q0 has order d modulo 3 and 3
a is the exact power of 3 dividing qd0 − 1
(cf. [11, Prop. 5.11]), so the claim follows from the proven inequality for the linear case.
For ℓ = 2, the formulas hold for the general linear as well as for the general unitary groups.
Theorem 2.10. (C1) and (C2) hold for the principal 2-block of GLw(εq) if εq ≡ 1mod4.
Proof. For a ≥ 3, we use the bound from Lemma 2.6 together with Equations (4) and (5) to obtain
k(B) ≤ 2(a−1)w+3 ≤ 2(a−1)w+3
∑
≥1 ai ≤ k0(B) · k(D′)
and, for w ≥ 4,
k(B) ≤ 2(a−1)w+3 ≤ π(w) · 2(a−1)w+
∑
ai ≤ l(B) · k(D),
since then π(w) ≥ π(4) > 4. In case w = 2, the claim follows similarly for a ≥ 4 by using the
stronger bound from Lemma 2.6. For a = 3 and w = 2, we have k(B) = 48 ≤ 26 ≤ l(B) · k(D).
For a = 2, we can use the improved upper bounds
k(D′) =
∏
i≥1
k(D′i,4)
ai ≥ 22a1 ·
∏
i≥2
(
21.4·2
i−i+1
)ai ≥ 21.4w+∑i≥2 ai(−i+1)−0.8a1
and
k(D) =
∏
i≥1
k(Di,4)
ai ≥
∏
i≥1
(
21.4·2
i+1
)ai
= 21.4w+
∑
i≥1 ai .
With this and the bound from Lemma 2.7, we obtain
kw(B) ≤ 21.4w+1.65 ≤ 21.4w+3
∑
i≥2 ai+2.2a1 ≤ k0(B) · k(D′).
Here, we used that for w ≥ 4, there exists an ai > 0 with i ≥ 2 and that for w = 2, we have a1 = 1.
Since π(w) ≥ 2 for w ≥ 2, we obtain for (C2)
k(B) = 21.4w+1.65 ≤ π(w) · 21.4w+1 ≤ l(B) · k(D),
so the inequalities hold.
2.1 The conjecture for εq ≡ 3 mod 4
We examine the case ℓ = 2 and εq ≡ 3mod4 by using a recursion to reduce to the previous case.
Here, it holds that a = 1 and a˜ ≥ 2 in Equation 1.
Lemma 2.11. It holds that k(P1) = 2, k(P2) = 2
a˜ + 3, k(P4) = k(2
a˜ + 3, 2) = 22a˜−1 + 9 · 2a˜−1 + 9
and
k(P2i) ≥
k(P4)
2i−2
22i−2−1
≥ 2(a˜−1)·2i−1+1
for i ≥ 2 as well as k(P ′1) = 1, k(P ′2) = 2a˜ and, for i ≥ 2,
k(P ′2i) ≥
k(P2i)
2
2i
≥ 2(a˜−1)·2i−1−i+2.
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Proof. Note that P2i lies in P
2
2i−1 by [14, Lemma 1.4] with index 2
i. With this, the proof can be
carried out analogously to [11, Lemma 5.10]. The formula for k(P4) follows from [9, Lemma 4.2.9]
together with Lemma 2.2.
Lemma 2.12. Let c1, c2 ∈ Z>0 with c1 ≥ c2 and assume that there exist constants y, c ≥ 0 such
that for every t ≥ 0, we have∑
w∈Wt
k(2a˜ − 1, w0) ·
∏
i≥1
k(2a˜−1, wi) ≤ 2(a˜−y)t+c.
Then
k(B) ≤ 2(a˜−y)w−a02 +a0+0.35+c ·
(w−a0)/2∑
j=0
(
22+y−a˜
)j
.
Proof. For j ∈ {0, . . . , w−a02 }, let r(j) = w−(2j+a0)2 . Again, we exploit the correspondence between
the set of binary decompositions Ww of w and
⋃(w−a0)/2
j=0 Wr(j) (see proof of Lemma 2.7). This
together with Lemma 2.1 and the assumption yields
k(B) =
(w−a0)/2∑
j=0
k(2, 2j + a0) ·
∑
(w1,...,wv)∈Wr(j)
k(2a˜ − 1, w1) ·
∏
i≥2
k(2a˜−1, wi)
≤
(w−a0)/2∑
j=0
22j+a0+0.35 · 2(a˜−y)w−(2j+a0)2 +c = 2(a˜−y)w−a02 +a0+0.35+c ·
(w−a0)/2∑
j=0
(
22+y−a˜
)j
.
Remark 2.13. Since k(2, 2w0+1) ≤ 2·k(2, 2w0) for all w0 ≥ 0 and the sets of binary decompositions
of 2j + 1 and 2j for j ≥ 0 are in bijective correspondence by Lemma 2.7, it follows as above that
k2j+1(B) =
∑
w∈W2j+1
k(2, w0)k(2
a˜ − 1, w1)
∏
i≥2
k(2a˜−1, wi)
≤
∑
w∈W2j
2 · k(2, w0)k(2a˜ − 1, w1)
∏
i≥2
k(2a˜−1, wi) = k
2j(B).
We can now prove the inequalities of the conjecture. As before, we treat the case a˜ = 2 separately.
Lemma 2.14. (C1) and (C2) hold for the principal 2-block of GLw(εq) if εq ≡ 3mod 4 and a˜ ≥ 3.
Proof. We apply Lemma 2.12 using the bound from Lemma 2.6. For a˜ ≥ 4, we have 23−a˜ < 1,
hence the geometric series yields
k(B) ≤ 2(a˜−1)w−a02 +a0+1.85 ·
∞∑
j=0
(23−a˜)j =
2(a˜−1)
w−a0
2 +a0+1.85
1− 23−a˜ ≤ 2
(a˜−1)
w−a0
2 +a0+2.85.
The number of conjugacy classes of D is given by
k(D) =
∏
i≥0
k(P2i) ≥ 2a0 ·
∏
i≥1
(
2(a˜−1)·2
i−1+1
)ai
= 2(a˜−1)
w−a0
2 +
∑
i≥0 ai .
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With this, (C2) holds for w ≥ 4 since then l(B) ≥ π(w) ≥ 21.85. Since the bound for k(D)
increases by a factor of 2 when passing from w = 2j to w = 2j + 1, it remains to consider
w ∈ {1, 2}. For w = 1, we have k(B) = 2 ≤ k(D). For w = 2, it holds that π(2) = 2 and so
k(B) = 2a˜ + 4 ≤ 2a˜+1 ≤ l(B) · k(D).
For the derived subgroup, we have the estimate
k(D′) =
∏
i≥0
k(P ′2i)
ai ≥ 2a˜a1 ·
∏
i≥2
(
2(a˜−1)2
i−1−i+2
)ai ≥ 2(a˜−1)w−a02 −∑i≥1(i−2)ai ,
so
k0(B) · k(D′) ≥ 2(a˜−1)
w−a0
2 +a0+3
∑
i≥1 ai ,
hence (C1) holds since
∑
i≥1 ai ≥ 1 for w ≥ 2 and k0(B) ≥ 2 = k(B) for w = 1.
We now consider the case a˜ = 3. There, we use the stronger bounds in Lemma 2.11 to obtain
k(D) =
∏
i≥0
k(P2i)
ai ≥ 2a0 · 11a1 ·
∏
i≥2
(
21.3·2
i+1
)ai ≥ 21.3w−0.3a0+0.85a1+∑i≥2 ai . (9)
Furthermore, Lemma 2.12 yields
k(B) ≤
(
w − a0
2
+ 1
)
· 2w+3.35. (10)
For w ≥ 11, this can be bounded from above by kw(B) ≤ 21.3w+2.7 since then (w − a0)/2 + 1 ≤
20.3w−0.65 by induction. With this, (C2) holds for w ≥ 11 since π(w) ≥ π(11) ≥ 23.35. For (C1),
Lemma 2.11 yields
k(D′) =
∏
i≥0
k(P ′2i)
ai ≥ 23a1 · 26a2 ·
∏
i≥3
(
21.3·2
i−(i−2)
)ai
= 21.3(w−a0)+0.4a1+0.8a2−
∑
i≥3(i−2)ai . (11)
For w ≥ 11, the claim follows with ∑i≥2 ai ≥ 1 and a0 ∈ {0, 1}:
k(B) ≤ 21.3w+2.7 ≤ 21.3w−0.3a0+2.4a1+0.8a2+3
∑
i≥2 ai ≤ k0(B) · k(D′). (12)
Using the exact values of the ai in the estimates of Equations (9), (10) and (12), the claim holds
for w ∈ {6, 10}. For the remaining cases, we note that as before, we gain a factor 2 in Equations
(9) and (11) when passing from w = 2x to w = 2x + 1 for some x ∈ Z>0. So by Remark 2.13 it
suffices to consider the case w = 1 or w even. We obtain the following values
w kw(B) lower bound for k0(B) · k(D′) lower bound for l(B) · k(D)
1 2 2 2
2 12 25 24.45
4 94 29 5 · 26.2
8 2908 213.4 22 · 211.4
which finishes the proof.
Lemma 2.15. (C1) and (C2) hold for the principal 2-block of GLw(εq) for εq ≡ 3mod 4 and a˜ = 2.
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Proof. It holds that k(3, w) ≤ 21.2w+0.9 (for w ≥ 8, this follows from Lemma 2.4 and the remaining
cases can be checked directly). With this, we can prove analogously to Lemma 2.7 that∑
w∈Ww
k(3, w) ·
∏
i≥1
k(2, wi) ≤ 21.4w+1.
With this, Lemma 2.12 yields
k(B) ≤ 21.4w−a02 +a0+1.35 ·
(w−a0)/2∑
j=0
20.6j ≤ 20.7w+0.3a0+1.35 · 2
0.6(w−a02 +1) − 1
20.6 − 1 ≤ 2
w+2.95.
The number of conjugacy classes of the defect group D is bounded by
k(D) ≥
∏
i≥0
k(P2i)
ai ≥ 2a0 · 7a1 ·
∏
i≥2
(
22
i+1
)ai ≥ 2w+0.8a1+∑i≥2 ai (13)
and
k(D′) ≥
∏
i≥0
k(P ′2i)
ai ≥ 22a1 · 24.45a2 ·
∏
i≥3
(
22
i−i+2
)ai ≥ 2w−a0+0.45a2−∑i≥3(i−2)ai . (14)
With l(B) ≥ π(w) ≥ 21.95 and ∑i≥2 ai ≥ 1 for w ≥ 4, (C2) holds. For w ≥ 4, we obtain for the
first inequality
k(B) ≤ 2w+0.95 ≤ 2w+2a1+0.45a2+3
∑
i≥2 ai ≤ k0(B) · k(D′). (15)
Using the Equations (13) and (15), we obtain the following table
w kw(B) lower bound for k0(B) · k(D′) lower bound for k(D) · l(B)
1 2 2 2
2 8 24 23.8
3 16 25 3 · 23.8
so the inequalities hold.
This completes the proof of (C1) and (C2) for the general linear and unitary groups.
3 Special linear and unitary groups
In the following, assume ℓ = 3. We prove the conjecture for the special linear and unitary groups
SLn(εq), proceeding similarly to the proof of [11, Thm. 5.16]. Observe that the proof given therein
for the case that ℓ does not divide q − ε is also valid for ℓ = 3. Therefore, it remains to consider
the case 3|(q − ε). There, GLn(εq) has a single unipotent block B˜ (cf. [5, Thm. 7.A]) with defect
group D˜ which covers the unique unipotent block B of SLn(εq) (cf. [3, Thm.]). Let 3
a be the exact
power of 3 dividing q − ε and 3m := |Z(G)|3 = gcd(w, q − ε)3 = min{log3(w3), a}.
For Z ≤ Z(G), let BZ be the principal block of G/Z with defect group DZ and as a special
case, let B¯ = BZ(G) be the principal block of PSLn(εq). The bounds given in the proof of [11,
Thm. 5.16] are also valid for ℓ = 3: It holds that k(D) ≥ k(D˜)/3a. For all Z ≤ Z(G), we
obtain k(DZ) ≥ k(D¯) ≥ k(D)/3m (similarly for the derived subgroups). Moreover, it holds that
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k0(B¯) = k0(B) ≥ k0(B˜)/3a and l(B˜) ≥ l(B) = l(BZ) as well as k(BZ) ≤ k(B). In order to prove
(C1) and (C2) for the block BZ for Z ≤ Z(G), it is therefore sufficient to prove the following
inequalities:
k(B) ≤ k0(B) · k(D¯′) (C1’)
and
k(B) ≤ l(B) · k(D¯). (C2’)
If w is not divisible by 3, then m = 0. By [10, Thm. 5.1], it holds that k(B) = k(B˜)/3a, so it
follows from the proven inequalities for the block B˜ that (C1) and (C2) hold for B. We therefore
assume that 3 divides w.
Lemma 3.1. Let a ≥ 2, w ≥ 6 a positive integer divisible by 3 and 1 ≤ j ≤ min{a, log3 w3}. Then
it holds that
3j +
aw
3j
≤
(
a− 5
6
)
w. (16)
Proof. The inequality holds for w ≥ 6 if j = 1 and for w ≥ 9 if j = 2 (note that for w = 6, only
j = 1 is admissible). So assume j ≥ 3. Using j ≤ a, the left hand side can be bounded from above
by 3a+ aw27 . The resulting inequality
3a+
aw
27
≤
(
a− 5
6
)
w
is fulfilled for w ≥ 162a52a−45 , i.e., for w ≥ 6 if a ≥ 2.
The proof of the following lemma is analogous to [11, Thm. 5.16].
Lemma 3.2. Let a ≥ 2 and assume that w ≥ 6 is divisible by 3. It holds that
k(B) ≤ p3(w) · 3a(w−1)− 56w+log3(19/18)+2 ≤ 3a(w−1)−23w+log3(19/18)+2.
Proof. As in the proof of [11, Thm. 5.16], we obtain k(3, 3a, 1, x) ≤ p3(x) · 3ax for all x ≥ 0.
By [10, Thm. 5.1], the number of characters in the block B can thus be bounded by
k(B) ≤

k(3, 3a, 1, w) + m∑
j=1
p3
(w
3j
)
· 32j+ aw3j

 /3a, (17)
where 3m = min{w3, 3a} as before. With Lemma 3.1 and the bound from Lemma 2.6 we obtain
k(B) ≤ p3(w) ·

3(a− 56 )w+2 + m∑
j=1
32j+
aw
3j

 /3a ≤ p3(w) · 3a(w−1)− 56w+2

1 +∑
j≥1
3−2−j


≤ p3(w) · 3a(w−1)− 56w+2
(
1 +
1
18
)
= p3(w) · 3a(w−1)− 56w+2+log3(19/18).
The second bound follows from that with Lemma 2.5.
Lemma 3.3. The inequalities (C1’) and (C2’) hold if a ≥ 2 and w is divisible by 3.
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Proof. We first assume w ≥ 6 and consider (C2’). With the estimates from the beginning of this
chapter and Equation (5) it holds that
k(D¯) ≥ k(D˜)
3a+m
≥ 3a(w−1)−w2 −m+ 12
∑
i≥1 ai . (18)
We obtain
k(D¯) · l(B)
k(B)
≥ π(w) · 3
a(w−1)−w2 −m+
1
2
∑
i≥1 ai
p3(w) · 3a(w−1)−56w+log3(19/18)+2
=
π(w)
p3(w)
· 3w3 −m−log3(19/18)+ 12
∑
i≥1 ai−2. (19)
Using m ≤ log3(w) and
∑
ai ≥ 1, the above quotient is greater than 1 for w ≥ 12. This also holds
for w ∈ {6, 9} when inserting the exact values of w, m and∑i≥1 ai and using that π(w)/p3(w) ≥ 3
in this case.
Now we consider the inequality (C1’). By the estimates from the beginning of this section, Equation
4 and [11, Prop. 5.15] we have
k(D¯′) ≥ k(D˜
′)
3m+δ
≥ 3(a− 12 )w−
∑
i≥1 ai(a+i− 52 )−m−δ, (20)
where δ = 1 if w is a power of 3 and δ = 0 otherwise. Moreover, we have
k0(B) ≥ k0(B˜)
3a
≥ 3
∑
i≥1 ai(a+i−1)−a.
With Lemma 3.2 we obtain for w /∈ {3, 9}
k0(B) · k(D¯′)
k(B)
≥ 3
(a− 12 )w+
3
2
∑
i≥1 ai−m−a−δ
3a(w−1)−
2
3w+log3(19/18)+2
≥ 3w6 + 32
∑
i≥1 ai−log3(19/18)−m−2−δ > 1.
The last inequality holds for w ≥ 15 not a power of 3 since then m ≤ log3(w/2) ≤ w6 − 1/2 −
log3(19/18) and
∑
ai ≥ 1. For w ∈ {6, 12}, we have m = 1 and
∑
ai = 2, so the above term is
greater than 1. For w ≥ 27 a power of 3, the inequality holds with m ≤ log3(w).
Let w = 9. For a ≥ 3, we can use the stronger bound in Lemma 2.3 in the proof of Lemma 2.6
to obtain an improved bound k(3, 3a, 1, 9) ≤ p3(9) · 39·(a−
5
6 ) ≤ 39a−6. With this, the number of
characters in B can be bounded by
k(B) ≤ 3
9a−6 + 2 · 32+3a + 34+a
3a
≤ 2 · 38a−6.
By [10, Example 5.14] we have k0(B) = 18 and Equation (20) yields k(D¯
′) ≥ 38a−7, so the inequality
holds. For a = 2 and w = 9, it holds that k(B) ≤ 45687. By the above calculation, we have
k(D¯′) ≥ 39 and k0(B) = 18, so (C1’) holds.
It remains to consider both inequalities for w = 3. In this case, we have m = 1 and Equations (20)
and (18) yield k(D¯′), k(D¯) ≥ 32a−2. Furthermore, by [11, Example 5.14], it holds that k0(B) = 6
and l(B) ≥ 5. By Lemma 2.2, we have
k(3a, 3) =
1
6
· 33a + 3
2
· 32a + 4
3
· 3a ≤ 0.35 · 33a,
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hence
k(B) =
k(3a, 3) + 32+a − 3a−1
3a
≤ 0.35 · 32a + 9− 1
3
≤ 5 · 32a−2,
where we used the assumption a ≥ 2 in the third step. This yields
k(B) ≤ 0.5 · 32a ≤ 5 · 32a−2 ≤ min{k0(B) · k(D¯′), l(B) · k(D)},
so both inequalities hold also in this case.
Lemma 3.4. The inequalities (C1’) and (C2’) hold if a = 1 and w ≥ 6 is divisible by 3.
Proof. It holds that m ≤ a = 1 in this case. First consider (C2’). With the improved bound from
Equation (7), we have
k(D¯) ≥ k(D˜)
9
≥ 3 23w+ 12
∑
i≥1 ai−2. (21)
By Lemmas 2.7 and 2.5, it holds
k(B) ≤ k(3, 3, 1, w) + p3(w/3) · 3
2+w3
3
≤ 3w2 + 52 + 31+w2 ≤ 3w2 +2.67. (22)
For w ≥ 15, the number of irreducible Brauer characters in B can be bounded by l(B) ≥ π(w) ≥
34.67, so (C2’) holds. Using the exact values in Equation (21), the claim also holds for w ∈ {9, 12}.
For w = 6, we have l(B¯) ≥ k(1, 6) = 11, k(D¯) ≥ 33 as well as k(B) ≤ (k(3, 3, 1, 6) + 34) /3 = 117.
Now consider (C1’). Let δ = 1 if w is a power of 3 and zero otherwise as before. Equation (6) yields
k(D¯′) ≥ k(D˜
′)
31+δ
≥ 3 23w+
∑
i≥1 ai( 12−i)−1−δ. (23)
With the improved bound from Lemma 8 we obtain
k(D¯′) · k0(B)
k(B)
≥ 3
2
3w+
∑
i≥1 ai( 12−i)−1−δ+
∑
i≥1 ai·i+
∑
i:ai 6=0 1−1
32.67+
w
2
= 3
w
6 −4.67+
1
2
∑
i≥1 ai+
∑
i:ai 6=0 1−δ.
If w is not a power of 3, we either have
∑
i≥1 ai ≥ 2 or
∑
i:ai 6=0
1 ≥ 2. With this, the inequality
holds for w ≥ 18. Using the exact values of the ai, the claim follows for w ∈ {12, 15}. For w = 6,
we have k0(B) ≥ k0(B˜)/3 = k(33, 2)/3 = 135 by Equation (8) and k(B) ≤ 117. For w ≥ 27 a power
of 3, the above term is greater than 1. For w = 9, we have k(B) ≤ 745 by Equation 17. It holds
that |D31,3 : D′2,3| = 9 (cf. [11, Lemma 5.10]) and we can check directly that k(D1,3) = 17, so we
have
k(D¯′) ≥ k(D˜
′)
9
=
k(D1,3)
3
81
≥ 33.5.
With k0(B) = 18 (cf. [10, Thm. 5.12] the inequality holds in this case.
For the remaining case a = 1 and w = 3, we consider the original inequalities (C1) and (C2).
Lemma 3.5. The inequalities (C1) and (C2) hold for the principal block of H = G/Z if a = 1 and
w = 3.
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Proof. We use the notation from the beginning of this chapter. We can check directly that |D˜| = 81,
hence |D| = 27. Since |Z(G)|3 = 3, a defect group DZ for Z ≤ Z(G) is either isomorphic to D or
|DZ | = 9. In the latter case, DZ is abelian and the claim holds by [11, Thm. 2.1]. For the first
case, since k0(B) = k0(BZ) and l(B) = l(BZ), it suffices to prove the inequality for SLw(εq). We
have |D˜′| = 9 and hence |D′| = 3, thus k(D′) = 3. By Example 5.14 in [11], we have k0(B) = 6
and k(B) = 16, so (C1) holds. For (C2), we use Example 5.14 in [11] to obtain l(B) = 5 and
k(D) ≥ k(D¯) = 9, since D¯ is abelian. With this, the inequality holds.
This completes the proof of our main theorem.
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